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The propagation of waves along and through a
conducting layer of gas

By G. S. S. LUDFORD
University of Maryland

(Received 10 February 1959)

Two related questions concerning the transmission of electromagnetic waves are
considered:

(1) The reflexion and transmission of plane waves at a perfectly conducting
layer of gas in an otherwise non-conducting atmosphere, when there is a uniform
external magnetic field perpendicular to the layer. Here the main result is that
a layer of finite depth £ is an almost perfect filter, being transparent to waves of
frequency nwAy/h (A, = Alfvén velocity, » an integer).

(ii) The existence of plane surface waves for such a finite layer. There is always
one such wave and, for certain ranges of frequency, two. The first becomes
‘choked’ at the filter frequencies, its velocity first tending to zero and then
jumping to a finite value. The second chokes at the frequencies nmA,a,/% \/(a + A2)
(a, = acoustic velocity).

1. Introduction

At large distances from a transmitter such as a monochromatic Hertzian
dipole, situated in an unbounded atmosphere, the local electromagnetic field is
essentially that of a plane wave. When a layer* of different material is also pre-
sent, however, the field at points on the same side as the transmitter is modified
by a reflected plane wave and, for a layer of suitable composition, by a surface
wave. At points sufficiently close to thelayer the latter provides by far the largest
contribution to the field.

In electromagnetic theory, where the emphasis is on solid materials, surface
waves are associated with the names of Zenneck and Sommerfeld [though
their discovery was the result of mathematical errors, see e.g. Wait (1958)].
In the theory of elasticity their counterparts are known by the names of Rayleigh
and Love. The main property of plane surface waves is that they propagate along
the layer without change in waveform, their amplitudes decreasing exponentially
with distance from the interface(s).

Here we consider a perfectly conducting layer in an otherwise non-conducting
gas when there is a uniform external magnetic field perpendicular to the layer.
Plane electromagnetic waves incident on the layer are in general completely
reflected, T as in the case of a conducting solid. However, a layer of finite depth

* Here the term ‘layer’ is also used for a half-space, i.e. a layer of infinite depth. In the
following sections a distinction is made.

+ This is meant in the energy sense. There is always a refracted wave, but it transports
a negligible amount of energy in general.
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is completely transparent to waves of frequency nmAy/h; here A, is the Alfvén
velocity and » is an integer. The layer is an almost perfect filter, and this applies
whatever the polarization or angle of incidence (with the exception of certain
grazing incidences).*

It appears that there are two types of surface wave for a layer of finite depth,
corresponding to the two types of wave which can propagate through a conducting
gas. The first can be excited by a transmitter of any frequency, though as a filter
frequency is approached the wave becomes ‘ choked’, its velocity tending rapidly
to zero and then jumping to the velocity oflight ¢ directly the frequency is passed.
The choking also marks a transition in the symmetry of the wave. For waves of the
second type, the choking takes place at other frequencies, the velocity now
jumping from zero to a,, the acoustic speed in the non-conducting part of the gas.
However, there are certain ranges of frequency for which they do not exist. There
are no surface waves for a layer of infinite depth.

The discussion is based on the linearized form of the continuum equations.
A finite coefficient of conductivity is retained in the basic equations since this
provides the link between the waves inside and outside the layer and also avoids
possible error in the boundary conditions. Simplifications arise from two sources:
(1) the two types of wave motion can be treated separately—this would not be the
case for any other orientation of the external field with respect to the layer;
(ii) the propagation velocity of the incident electromagnetic wave is much greater
than that of a refracted wave inside the layer (¢ large compared to ay and 4,),
which means that the refracted waves cross the layer almost normally. It is
essential, however, that ay/c and A4,/c are not neglected indiscriminately.

2. Basic equations

We consider the motion of an electrically conducting inviscid gas in the absence
of body forces and heat conduction. Further we shall assume that the material
coefficients u (permeability), e (dielectric constant), and o (conductivity) are
constant. Then, as has been shown in a previous paper (Ludford 1959), the
equations governing small perturbations of a given uniform state

E=0, H=H, v=0, p=p, p=p

are ﬂ%;—l=—curIE, %_J=E+,uv><H0,
ov
Poy = —gradp +pd x Hy, (1)
op o op ,0p
§E+pod1VV—0, ‘87—005;—0,
where J = curlH—e%.

In these equations H, p, p denote deviations from Hy, p,, p,, while a§ = (dp/dp),,
where this derivative is to be evaluated for fixed entropy.
* In some unpublished work, F. J. Fishman has found a similar result for the special

case of normal incidence. This type of filtering action may have implications for propaga-
tion in the ionosphere.
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The plane wave solntions may be determined as follows. Take the y-axis along
H, and let the z,y-plane contain the direction of propagation.* Then with all
variables proportional to expi(wt—«z—Ay) and the same symbols used for
factors, the equations divide into two sets, I and II, involving only E,, E,, H;, v,
for type I, and E,, H,, H,,v,,v,, p, p, for type II. We omit the details (cf. paper
cited above) and give only the results.

For waves of type I we have

K2 — k2 K2 — k2

— — —Poige
E = P5) E, = Y Ha—Ho(Ao"‘W‘U)”a, (2)

while «, A, and @ must satisfy the dispersion relation

2,2
Aic

2 | P 2 _ k2) = = 0 .
A+ (1-0) (k2K =0, 4 (A2 +inw) (2 +iqw)

(3)

Here e is the ‘complex dielectric constant’ frequently nsed in the optics of
absorbing media
= —iﬁ- 2 = 2 = -aiz—i—a‘)
e=e—— and k% = pew =z (4)
while ¢? = 1/ue, A3 = uH}/py, and 9 = 1/uo (magnetic diffusivity).
For waves of type II we find p = ap and

_ o po o pwH, _ tuw Hy(A? — w?/a})
By = == = — s T At A =)

_ 1A3(A% —w?af)
- HonK(K2+/\2—k2)p’ ()

while the dispersion relation becomes
2002 0 k% — k2) (A2 2 02a2) = vAZNE — w2la? _ e
N2 (A%+ k% — k?) (A2 4 vk? — w¥ad) = VAYA% —w?¥[ad), v Dtin’ (6)
The corresponding results for a non-conducting fluid are obtained in the limit
7 - o (o - 0). From equations (2) and (3) we find the well-known formulas
A A

E]_:‘—EEz:—ga—) H3, v3=0, (7)

where k% + A% = w?/c?; similarly, equations (5) and (6) yield

W W
By=5H =22 H, v,=v,=p=0, ®)
if k24 A% = 0?/c?, and
K K
vl:iv2=a)_[)0p’ E3= le H2’ (9)

if k2 + A% = w?/a?. Thus the waves of type I reduce to electromagnetic waves with
E polarized in the plane of H, and the direction of propagation, while those of
type II reduce either to the perpendicularly polarized waves or acoustic waves.

* This is not the same choice of axes as in the paper cited above. However, it is more
convenient for the present purposes.
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For future reference we also list here the first two terms in the expansions of
¢ and v in ascending powers of %:

. 1 1
d=1-1q0 ‘T%-*_EE +.s
. (10)
y = e et
=zt g e

These will hold when the fluid is a good conductor. The detailed form of the waves
in this case has also been discussed in Ludford (1959).

3. Waves of type I. Semi-infinite conducting space
Suppose that the fluid fills the whole of space, but that fory < 0its conduectivity
is zero, while for y > 0 it is non-zero (but constant). All other given quantities
(1, €, Hy, g, Po, @) are to remain unchanged on crossing the interface y = 0.
When an electromagnetic wave 1 (of type I) is incident on the interface from
below, there will be a reflected wave r and a refracted or transmitted wave ¢
(both of type I). The w’s and «’s of all three waves will be the same, but

A= "'Ai, A= \/[(1—8) (k2-K2)]

[see equation (3)], where the root with positive real part is to be taken. Now the
tangential components of the (total) electric and magnetic fields must be con-
tinuous at the interface. On expressing ¥, in terms of H, for each wave [see
equations (2) and (7)], this leads to the conditions

H+H=H, H-H<=0H, (11)
where the subscript 3 has been suppressed and

e(k2—x?)  e\J(k?—«K?)

b=- eA A, eA;J(1-8) (12)
Thus we h B=-"%q g--2 & 13
us we have =136 % t= 1419 (13)
In particular, if the fluid is perfectly conducting above the interface,
=Y 2 4 o2 = ,4,__‘140__-
A= Aoc\/(A0+c ) and 8 Ko J(A2 1)’ (14)

these limiting values as 7 — 0 are obtained by using equations (4) and (10). The
transmitted wave is an Alfvén wave which propagates in the Hy-direction at a
speed Ayc/y/ (43 +c?) = A,, this value being independent of the incident wave. In
terms of the angle of incidence ¢, we have

A A
0 = moj(?)seccﬁi = ?osecgbi, (15)

which is an extremely small quantity except in the case of glancing incidence.
Correspondingly we have H —3H - H, (16)
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to a high degree of accuracy,* except for ¢, close to 90°, In the latter case, H,
decreases rapidly through zero to — H; and H, decreases rapidly to zero, as
¢; — 90°. The corresponding range for the angle of refraction ¢, is extremely
small, the largest possible value of tan ¢, being given by

K
T AT A+ T T
For 6 = 1, i.e. the angle of incidence
A 7 A
. = -1__“0 - _770
b= T T o
there is no reflected wave. The wave field is then the prototype for an alternating
current in a ‘fluid wire’ (see, for example, Sommerfeld’s treatment (1952, p. 160)
of solid wires). Note the absence of a skin effect: A, is real and finite.

%) A, .:‘_1_0‘1_

(17)

4. Waves of type I. Conducting layer

Now the conduectivity of the fluid is assumed to be non-zero only within the
layer 0 < y < k. The refracted wave at y = 0 is also the incident wave at y = &
and will now be denoted by the subscript «; in addition, there will be a reflected
wave £ at the second interface and a transmitted wave . The various values of
A are given by

Av=—A, A = =2, =J[(1-8)(k2~«)], A=A,

From the continuity of the tangential components of E and H at y = 0 we

obtain the relations
E+E‘= Ha+Hﬂ’ HE—E“—__O(Ha-Hﬂ): (180’)

where 0 is given by (12) (with A, replaced by A, in the first expression). Similar
continuity requirements at y = k yield the equations

H,exp (—iA k) + Hyexp (—idzh) = Hexp(—iAh), } (185)
H_ exp (—iA,h) — Hyexp (—idzh) = (1/6) Hiexp (—iAh).
Thus the reflected and transmitted waves are given by
_ (1/6—6)isin A b
H’_2coskah+i(1/6+0)sin/\¢h B, (19)

_ 2exp (1A, h)
E = 2c08A,h+1i(1/6+6)sin A,k H,

For a perfectly conducting layer, A, and 6 are given by (14), or, in the case of §,
by (15). Since 6 is very small, except for glancing incidence, it follows that the
same is true of H, provided A, A is hot close to a multiple of 7. This last condition
is violated when the frequency is near

Agc  nmm | nmA,

CETAT AR Tk
* This is essentially complete reflexion, since the electromagnetic waves transfer energy
much faster than the Alfvén wave.
1 If the incident wave were an Alfvén wave coming from above the interface, this would
give the angle of incidence beyond which total reflexion occurs. Thus, effectively all such
Alfvén waves are trapped.

for some integer . (20)
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The layer is therefore an almost perfect filter, allowing only waves with the
frequencies (20) to be transmitted; to these waves it is transparent. For example,
even if 4, is as large as 105 cimn/sec and angles of incidence up to 89° are admitted,
the amplitude of H/ H; will have dropped from 1 to at most 1/40 by the time
deviates by 7A4,/180% from its value (20). For normal incidence the decrease is
to less than 1/2500 for the same deviation.

When § = 1 there is no reflected wave whatever the frequency. For the corre-
sponding angle of incidence (17) the layer is transparent. For angles much closer
to 77/2 than (17), the filter action occurs again (0 large). Both of these last effects
are almost certainly unattainable physically (for the above data ¢, is about 7% of
a second off 90°).

5. Waves of type II. Semi-infinite conducting space

Waves of the second type present more difficulty. For each given o and « there
are two possible values of A% satisfying (6), and hence two waves which may be
excited. Inthelimit of zero conductivity these can beidentified as electromagnetic
and acoustic waves, the former carrying the variationsin E;, H,, H, and the latter
those in vy, v,, p (and p). In general, however, each wave bears the fluctuations of
all six quantities and no distinction can be made.

Thus, when an electromagnetic wave (of type II) is incident on the single inter-
face from below, there will be not only a reflected electromagnetic wave r but also
a reflected acoustic wave a, and, in addition, two transmitted waves ¢ and 7. All
five waves will have the same «’s and «’s, while

A=Ay Ag= _"/(wzlag_Kz)’
and A, A, will be the roots of (6) which have positive real part.

The continuity of the tangential component of the (total) electric field implies
that of the normal component of magnetic induction, see equations (5). To these
must be added the continuity of the tangential component of the magnetic field,
80 that in all we obtain the two relations

1
d+H, = H+5p,

C
X Al (21a)

H~ B =SB+ 5 o,

when E, is expressed in terms of H, or p and the subscript 1 omitted.* Here
0 - PonwK (k2 + A% —k?)

T AHA (- waf)

The remaining conditions are the continuity of pressure and of the normal com-

ponent of velocity. When these two quantities are expressed in terms of H,, for
the wave ¢, and of p, for the waves a, and 7, we find

(22)

Pq = OlIIt+pr’
A A, (21b)
Po= XiOtE.*-sz”

where C, is obtained from C, by replacing A, with A,.

* The reason for using p instead of H, in the T-wave will appear immediately.
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Little is gained by writing down the solution of these four equations without
first passing to the limit of infinite conductivity, and making certain approxima-
tions. In the limit we obtain

o

_ PowK
T HA(A2—w?¥a)’
and the equation (6) for A,, A, reduces, with the aid of equations (10), to

1 1 2 2,.2
[pevre—ar{gpra) | (e-t) = - 24

It is easily seen that this quadratic in A2 has positive roots when « < w/c, so that
A; and A, are always real. We now use the fact that a,/c and 4y/c are extremely
small, which implies that x and w/c are small compared to w/a, and w/A4,. This
yields the approximations*

(23)

) A ( A3, P ]
A= ZT,[”%E(az—A%” )l
CA P
- ol - maape)
provided ag += A,. To these may be added the approximation
Y PR
Ay = ao[l 202 < ]

The expression for A, shows us that the electromagnetic variables are of higher
order than the dynamical in the 7-wave. From this follows the use of p, rather
than H, above. In fact, the r-wave is a modified acoustic wave and the -wave a
modified Alfvén wave [as may easily be seen from equations (5)], both of which
move almost along the normal to the interface.t

With these approximations and with A; and « expressed in terms of the angle
of incidence ¢;, the solution becomes

(25)
A

T

- 4, Pa _ Ay 4o H;
H, = (1"2‘6—0059{%) H;, podt _ao+Ao?sm¢iflg’
4, P 4y A4, . H;
= 2(1 T cos¢i) H Po} - —“O_A07sm¢iF0,J
where terms of the second order in ay/c, 4,/c have been neglected. Comparison
with equations (18) and (15) for waves of type I shows that sec ¢, has beenreplaced
by cos ¢;, as far as H, and H, are concerned. This means that equations (16) hold
to a high degree of accuracy without qualification about the angle of incidence.
The range of ¢, is 4,/c and that of ¢, is ay/c. There is always a reflected wave (this
corresponds to the non-existence of magnetic principal waves on wires, see
Sommerfeld (1952, p. 160) and the end of §3). The acoustic waves a and 7 are
very weak, and in fact vanish for normal incidence.

(26)

* All we really need to know is that the second term in each bracket is of the second
order. The case a, = A, is treated in Appendix A.

+ The largest possible values of ¢, and ¢, are 4,/c and a,fc, respectively. If the incident
wave were & ¢- or T-wave coming from above the interface, the appropriate one of thesa
would give the angle of incidence beyond which total reflexion (of electromagnetic effectsy
takes place. Thus, effectively all such waves are trapped.
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6. Waves of type II. Conducting layer

The refracted waves at y = 0 are also incident waves at y = » and will now be
denoted by «, ¥; in addition, there will be their reflexions # and 4, say, and two
transmitted waves ¢ and 7, the first electromagnetic and the second acoustic. The
eight values of A other than A; are determined by

/\r = —/\i’ ’\a = —‘/[(wz/atz))_’cz], /\ﬂ = -Aa’
/‘.3 = _A‘}" At = Ai’ A.r = —‘/‘.a,

where A, A, are the roots of equation (6) which have positive real part.
The continuity requirements at ¥ = 0 lead to the equations

1
H+H = H,+ H, +6T () —Ds)s
Y
I#—Hr—z(ﬂa—ﬂﬂ)‘*'x;a;(%"'%):> (27a)
Do = Co(H,— Hp)+p, +ps,
A, A
P, = A— Ca( Ha + Hﬂ) +A_‘Y (py _pé)’
a a
while those at y = A give
1 1 1 \
e’[IIt = eaHa+E;Hﬂ+'cTy (eyp‘y_;ypa) >
R 1 1 1
ei‘FIt = %‘L (ea‘Ha——Hﬂ) +%£a (eyp‘y+—‘p6) s
a ea Y Y e'}' \ (27b)

1 1 1
e—p,‘, = Ca(eaHa—é;Hﬂ) +eyp7+e—yp,,,

1 1 A 1
——_—p =L= Bl Ly —=
P, A, O’a(eu H"‘+eaHﬂ) +Aa (eypv evpa) -}

Here the (s are given by (22) with A, replaced by the appropriate A. The e’s stand
for exp (—1Ah), with the suitable A inserted, and give the changes in phase across
the layer.

We pass immediately to the limit of infinite conductivity, and make the same
approximations* as in the last section. The waves «, £ are then seen to be modified
Alfvén waves and vy, 8§ modified acoustic waves. The solution of the eight equa-
tions (27) for the two reflected and two transmitted waves turns out to be

H = (HypalPoa3)
isinA b {Ag[4,c08A,h—ayisin A, h— A exp (—iA, h)]/(a — A})} (Asin ¢,/c)
_ (Hyp,/poa3)
{Aoexp (—iA k) [Ag—exp (—iA, k) (Agcos Ak +ayisin A, h)]/(af— AF)} (4,8in ¢y/c)
H, H,

- t - i
T 2(A,cosd,/c)exp (tA;h)  isinA k+2(A4,co8 P,/c)cosA h’ (28)

when terms of the second order are neglected.
* The cage a, = 4, is treated in Appendix A.
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The values of H, and H, should be compared with equation (19) for waves of
type I; 1/6 has been replaced by ¢/4,cos ¢;, in accordance with what we found
in the last section, and & by zero. As a consequence the qualification about
glancing incidence is absent* and the layer is an almost perfect filter for all
angles of incidence, effectively transmitting only waves whose frequency
satisfies sin A b = 0, i.e.

_nnd,
==

with # an integer. (29)

The acoustic waves are usually very weak, and in any case vanish for normal
incidence. The incident wave is, in general, essentially reflected as an electro-
magnetic wave.

7. Surface waves of type 1

We turn now to a related but quite different question, namely, the existence of
wave systems, propagating without loss parallel to the layer,t in which the
amplitudes of the waves outside the layer decrease exponentially with distance
from the interface(s). The importance of such natural oscillations of the con-
ducting region is that they tend to trap the energy radiated by an electromagnetic
transmitter and transport it parallel to the layer [see Wait (1958) for a discussion
of solid conductors].

Note that, in the case of the semi-infinite conducting space, we are not con-
cerned with the total reflexion of waves coming from above the interface, though
these give an exponentially damped electromagnetic wave. Such wave systems
are produced by a source of energy deep within the conducting fluid. In the
notation of § 3, we ask for a solution of (11) in which H, = 0, the only condition on
A, being that it is positive imaginary; v is assumed given, while x, henceforth
assumed positive for definiteness, is to be determined. It is clear on physical
grounds that there is no solution; since A, is real in equation (14), energy would be
propagated away from the interface into the conducting region. This is confirmed
by showing that & = — 1 has no solution of the required kind.

For the finite conducting layer the situation is different. We ask for a solution of
equations (18) with H; = 0, the condition on A, = — A, again being that it is
positive imaginary. Physically the question makes sense. The Alfvén waves can
combine to form a standing wave in y-direction, the energy transport taking place
in the z-direction. In fact, this is what occurs, the wave system being symmetric
about y = }h for some values of » and antisymmetric for the rest.

On setting the determinant of equations (18) equal to zero [i.e. the denominator
in either of equations (19)], we find the condition

__ w4 .
o= Xe (A3 +c?) icot3A,h, —itanA,h,
21 o2
where A = M‘Mlli'c_)_
Agyc

* In fact the filtering action improves as the angle of incidence increases, and the
example for normal incidence in § 5 is now a conservative estimate for all angles of incidence.
1 The conductivity is assumed infinite from now on.
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Thus, remembering that A; = 4/[(w?/c?) —«?], we have

wd,
cy/(4§+c?)

2 2
2= [1+A2A Stan23A, h] “’—[1 A;‘l S cot? 3, h]

tan Ak, e cot A, A,

i wd,
RN

The corresponding wave systems are

H __ H H, _ H,
2cos3A, k- exp(3iA,h)  exp(—3iA.k)  2cosiA hexp (sAR)’

and
H, _ H, _ H, H,
2isin3A, b exp (3Ah) exp(—}iA, h) " 2isin $A_hexp (iA;h)’

respectively, the first being symmetric and the second antisymmetric.

From the condition on A, it follows that the first system is acceptable only when
tan A, % is positive and the second only when this quantity is negative. As
w increases, the change from one to the other takes place at the filter frequencies
(20), the velocity w/« decreasing rapidly to zero and then jumping to c. Between
two filter frequencies, the penetration depth 1/|A;| of the electromagnetic waves
decreases from oo to 0 as @ increases.

8. Surface waves of type IT

As in the case of waves of type I (and for a similar reason), there are no surface
waves of type II when the conducting region is semi-infinite. This is shown
formally in Appendix B.

We therefore pass to the conducting layer, and consider the determinant of the
system (27) with H, = 0. As before we require that A, = — A, shall be positive
imaginary, and, correspondingly, that A, shall be positive imaginary. This deter-
minant splits into two factors, one corresponding to an antisymmetric wave-
system in H and the other to a symmetric one. Thus « satisfies one or other of the
equations

[(0?/ad) — A3] (A, 8in 4A, h —i2,; cos 32, h) (A, sin $A, b + 1A, cos 3A, h) A
= [(w?*/ag) — A3] (A, sin $A, b —iA; cos $A, k) (A, 8in A,k + A, cos 37, R),
[(w?[ad) — 23] (A, cos $A, b +1A;8in $A, b) (A, cos 3A, h—iA, sin 3A R)
= [(w?/ad) — A3] (A, cos $A, b+ iA;8in $A, ) (A, cos A,k — i, sin 4A, B),

(30)

where A, and A, are determined as functions of x by the equation (24).

The situation is not assimple as it was for waves of type I. We therefore consider
two limiting cases, namely, (i) @, small, and (ii) 4, small, and then (iii) the
‘choking’ phenomenon « = oo, for arbitrary a,, A,. The first corresponds to low
temperature and the second to small applied magnetic field.

(i) When a, is small the roots of (24) are given by

A, =ik, A, ==,

y
)
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correct to terms O(1). Note that « is no smaller than w/a,, since we require A2 < 0.
The first of the relations (30) now reduces to

(A, 8in 32, b —iA, cos 32, k) (A, sin A, h+id, cos 34, h) = 0,

where we may take A, = —i«. Since the first factor is negative [it may be rewritten
as — k(sinh 4«xh + cosh }«h)], we are left with

. 1 wh

Z/\a = —A,},tan %A,},h = —-h—ota § a—o
which, because of the requirement on A,, can only be satisfied when tan wh/2a, is

positive. Then we have

ce0 1 wh
2 a,

1)
K ——
0

1
, Ay ——z—t wh
a, 2a0

Similarly, the second of equations (30) can be satisfied only when tan wh/2a, is
negative and then

. 1 wh
, Ag=—t—cots—

1wh
cosec- —
@y  2ay’

2 q,

w
K=—
Qo

As w increases the change from one wave system to the other takes place at the

values o
0

i
and not at the filter frequencies (29), as in the case of waves of type I. Between
adjacent frequencies (31), the penetration depth 1/]A;| of the electromagnetic
waves decreases from ay/w to zero, while that of the acoustic waves decreases
from oo to 0.

(ii) We turn now to the case where 4, is small, for which two possibilities for
x must be distinguished. If « is small compared to w/4,, we find

/ w? w
=4 adl -
Ae = 1"/(’( a(z)) ’ /\7 4y
correct to terms O(1), and the first of equations (30) reduces to
(A, 8in $A, b —id;co8 42, R) (sin $A,h +1 cos $A,h) A, = O.

It follows that either A, = 0, i.e. kK = w/a,, or else

with n an integer, (31)

1 wh
A, = A, tan A, h_A—‘ EZO’
. w? w? o1 wh
1.e. K = /(— Azt 9 A—To) . (32)

Since A, must be negative imaginary and « larger than w/a,, this last result holds

for la)h A/(az 62) (33)

Further approximation shows that the first result is valid (in the sense that A, is
actually a small positive imaginary) when

=T Ao (a_l(%"Elé)\ta“lw*h 1 (G=)

g9 ‘ Fluid Mech. 9
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The &, w-curve is continuous at the right end-point of such an interval; its approxi-
mate representation changes from x = w/a, to equation (32), however.* On the
other hand, for values of ¥ comparable with or greater than w/A4,, a similar
analysis shows that ) 1 wh

K = Zo tan 5 270 ,
where once again the tangent must be positive. Clearly this is the completion of
equation (32).

Similarly, the second of equations (30) yields equation (32) and the inequality
(33) with the tangent replaced by the minus cotangent. The solution correspond-
ing to A, = 0 above is the exact root A, = 0, which must be rejected [x < w/a,, see
equation (24)].

The pattern is now clear. As w increases there is a change from one wave-
system to the other at the filter frequencies (29). With the exception of the first
interval, there is a portion at the lower end of each of the intervals between filter
frequencies for which no wave system exists. In the intervals for which tan wh/24,
is positive the penetration depth 1/|A,| of the electromagnetic waves decreases
from 1/w,/(1/ag—1/c?) to zero [at first like 1/w./(1/ad—1/c?)] while that of the
acoustic waves decreases from co to 0 (at first remaining infinite). In the remaining
intervals (tan wh/24, < 0) the total changes are the same, though the initial
phases are absent.

(iii) Finally, we consider the ‘choking’ phenomenon x = co, for arbitrary
values of a; and 4,. When « is large (in comparison with w/a,, w/4,), the roots of
equation (24) are determined by

. 1 1

correct to terms O(1). Now the two relations (30) reduce to

A,sindA h—kcosdA b =0, ie x=A tanAh,

A cos Ak +ksindA b =0, ie k= —A, cot AR,
the first being valid for tan $AA positive and the second for it negative. Thus, in
fact, the choking takes place for the values
_nm agd,
k@ + Yy
the previous approximations being in agreement with this value. In particular

we see that, in contrast to waves of type I, it is fortuitous if a choking frequency
is also a filter frequency.

w with # an integer,
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with the University of Maryland.

* The situation is similar to that of two half-asymptotes being the limit curve of a family
of half-hyperbolas.
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Appendix A
For ay, = 4, and k 3 0,* the approximations (25) are replaced by

2 2
A= 2[1+@5+&_ (212_3K2)],
g c

20  8w?
Ao O Bk, @ (0F 4,
T a, 20 ' 8w\ c? ’

where now it is necessary to know the second-order terms explicitly in order to
determine the solution of the equations (21) correct to the first order. We find,
in terms of the angle of incidence ¢,,

1 .
% sin ¢i%’
0

a,
H - (1—2z°cos¢i) H, P

Po%d T 2¢

H = [1+%’(%cosec¢,—cos¢i—i:8in¢i)] H,

e _11% 1sin g, —cos g | 2L

- [1+ p (}sin ¢, —cos ¢1)] I

Thus the reflected waves are the same as for 4, - a, [see equations (26)], but the

T-wave is no longer weak, compensatory changes occurring in the t-wave.
Similarly, the solution of the system (27) for the layer becomes

H,
He, +e,” —4)+ (apfc) [H(e2 — ) cosec §, + (e, +e,” —4) c08 $;]

_ (Hypalpoa3)

(€~ €2) + (ag/c) [(€5 —€3) cos P, + (1 —e, e, ) sin B, — e, —e,)* cosec ¢,
- e, H,
- 4(“0/6) (ea + ey) cOo8 ¢i
— (]'/ea) (Hopf/Poag)

2(e, — ;) + (ao/c) [6(e, — ;) cos P; + H(e, +¢,) (1 e, €,)sin @]

_ H,
e, T e,” —4) — (ay/c) [8 cos b, + 4(e2 — e2) cosec ]
80 far as the transmitted and reflected waves are concerned. When these formulas

are simplified by setting e, = ¢,(1 +1whsin ¢,/c) the result is the formal limit of
equations (28). Hence similar remarks to those at the end of §6 apply here also.

Appendix B
The vanishing of the determinant of the system (21) with H, = 0 yields the
condition
w? w?
(%) A0 @ =20 = (5-2) A -2 @9
0

* When ¢, = 9 the results (26) and (28) hold even when a, = 4,. In fact in both cases
ps = p, = 0 without approximation.

9-2
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where the value of C has been taken from equation (23). Now A; and A, are
required to be pure imaginaries, while for real ¥ > w/a, equation (24) has two real
roots ( + A;, say) and two purely imaginary roots (+ A,). Since A; = — A, for any «,
it follows [on taking real and imaginary parts of equation (34)] that

(&) 0, =0. (S-x) 200

must hold simultaneously. It is now easily checked that none of the four
possibilities which these last conditions offer is compatible with A, and A,
satisfying (24).
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